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Figure3:Smallandlargesources.(a)Agalaxysurroundedbyadarkmatterhaloproducesmultipleimagesofasmallbackgroundlight
source(e.g.,anopticalquasar).(b)Foralargerbackgroundsource(e.g.,agalaxyoraradio-loudquasar),themacroimagesmaybestretched
intoarcsorevenacompleteEinsteinring.

focusonsubhalosinthemassrangefromglobularclustersto
dwarfgalaxies(∼105−1010M⊙),sincecurrentpredictions
indicatethatsubhalosatlowermassesmaybeverydifficult
todetectthroughlensingeffects.

4.FluxRatioAnomalies

Itwasnoticedquiteearlythatsimplesmoothmodelsof
galaxylensesusuallyfittheimagepositionsofmacrolensed
systemswell,whereasthemagnificationsofthemacroimages
aremoredifficulttoexplain[64].Toseehowthisworks,abit
ofsimplelenstheoryisrequired.

Specificrelationsareexpectedtoapplyforthemagni-
ficationsofmacroimagesclosetoeachotherandacritical
line.Formally,criticallinesarethecurvesinthelensplane
wherethemagnificationtendstoinfinity.Ifcriticalcurves
aremappedintothesourceplane,asetofcausticcurves
isobtained.Theseseparateregionsinthesourceplanethat
giverisetodifferentnumbersofimages(seeFigure4).The
smoothportionsofacausticcurvearecalledfolds,while
thepointswheretwofoldsmeetarereferredtoascusps.
Forabackgroundsourcewhichisclosetoeitherafold
(Figure4(a))oracusp(Figure4(b))inthecausticofa
smoothlens,two,respectively,threecloseimageswillbe
producednearthecriticallineinthelensplane.Ifthesource
isplacedinthecenterofthecaustic,themacroimageswill
formacrossconfiguration(Figure4(c)).

Allmacroimagescanfurthermorebedescribedashaving
eitherpositiveparity(meaningthattheimagehasthesame
orientationasthesource)ornegativeparity(theimageis
mirrorflippedinonedimensionrelativetothesource).
Whentakingtheimageparityintoaccountandassigning
negativemagnificationstonegativeparityimages,thesum
ofthemagnificationsofthecloseimagesshouldapproach
zero[65–67].Thefollowingrelationsshouldthenapplyfor
thefluxratioRofafoldconfiguration:

Rfold=
∣∣µA
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whentheseparationbetweenthecloseimages(Aand
BinFigure4(a))isasymptoticallysmall[68].Here,µ
representsthemagnificationofaspecificimage.Forthecusp
configuration(Figure4(b)),thecorrespondingrelationis
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However,mostobservedlensingsystemsviolatethese
relations.Thishasbeeninterpretedasevidenceofsmall-
scalestructureinthelensonapproximatelythescaleofthe
imageseparationsbetweenthecloseimages.Magnifications
ofindividualmacroimagesduetomillilensingbysubhalos
wouldindeedcausethevaluesforRfoldandRcusptodiffer
fromzerofairlyindependentlyoftheformoftherestofthe
lens[69–76].

Anotableproblemwiththispictureisthatbothsemi-
analyticalstructureformationmodelsandhigh-resolution
ΛCDMsimulationsseemtobeunabletoreproducethe
observedfluxratioanomalies,sincethesurfacemassdensity
insubstructureislowerthanthatrequired[45,77–80].

4.1.Complications:PropagationEffectsandMicrolensing.
Severalalternativereasonsfortheobservedfluxanomalies
havebeendiscussed,suchaspropagationeffectslikeabsorp-
tion,scattering,orscintillationintheinterstellarmedium
ofthelens[81]andmicrolensingbystarsinthelensing
galaxy[82].Sincesomesources,likequasars,canexhibit
intrinsicfluxvariationsondifferenttimescales,fluxratios
mayalsobedifficulttointerpretifthetimedelaybetween
themacroimages(seeSection7)isnotwellknown.

Therelevanceofpropagationeffectscanbetested
bysupplementaryobservationsoffluxratiosatdifferent
wavelengths,sincefluxlossesduetosuchmechanismsshould
varyasafunctionofwavelength.Microlensingbystarscan
becheckedforusinglong-termmonitoring,asthistype
oflensingistransientandexpectedtointroduceextrinsic
variabilityontheorderofmonths.Millilensingbyhalo
substructurecanontheotherhandbetreatedasstationary
[70].Extendedsources(e.g.,quasarsatmid-infraredand
radiowavelengths)shouldalsobefarlessaffectedby
microlensingthansmallpoint-likesources(quasarsinthe
opticalandatX-raywavelengths).Eventhoughitisoften
assumedthatradioobservationsofquasarsareessentially
microlensing-free,somecautionshouldbeapplied,since
substantialshort-termmicrolensingvariabilityispossiblein
thespecialcaseofarelativisticradiojetorientedclosetothe
lineofsight.Thisphenomenonhasbeendetectedinatleast
onemultiplyimagedsystem[83].

Mid-infraredimagingoflensesisattractivesincethe
fluxatsuchwavelengthsshouldbefreefromdifferencesin
extinctionamongthemacroimages,inadditiontobeingfree
frommicrolensingbystarsduetotheextendedsourcesize.
Suchobservationscanthereforebeusedtotestsomeofthe
alternativecausesforfluxratioanomalies.Recentstudies
haveusedthistechniquetoexamineseveralmacrolensed
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source(e.g.,anopticalquasar).(b)Foralargerbackgroundsource(e.g.,agalaxyoraradio-loudquasar),themacroimagesmaybestretched
intoarcsorevenacompleteEinsteinring.

focusonsubhalosinthemassrangefromglobularclustersto
dwarfgalaxies(∼105−1010M⊙),sincecurrentpredictions
indicatethatsubhalosatlowermassesmaybeverydifficult
todetectthroughlensingeffects.

4.FluxRatioAnomalies

Itwasnoticedquiteearlythatsimplesmoothmodelsof
galaxylensesusuallyfittheimagepositionsofmacrolensed
systemswell,whereasthemagnificationsofthemacroimages
aremoredifficulttoexplain[64].Toseehowthisworks,abit
ofsimplelenstheoryisrequired.

Specificrelationsareexpectedtoapplyforthemagni-
ficationsofmacroimagesclosetoeachotherandacritical
line.Formally,criticallinesarethecurvesinthelensplane
wherethemagnificationtendstoinfinity.Ifcriticalcurves
aremappedintothesourceplane,asetofcausticcurves
isobtained.Theseseparateregionsinthesourceplanethat
giverisetodifferentnumbersofimages(seeFigure4).The
smoothportionsofacausticcurvearecalledfolds,while
thepointswheretwofoldsmeetarereferredtoascusps.
Forabackgroundsourcewhichisclosetoeitherafold
(Figure4(a))oracusp(Figure4(b))inthecausticofa
smoothlens,two,respectively,threecloseimageswillbe
producednearthecriticallineinthelensplane.Ifthesource
isplacedinthecenterofthecaustic,themacroimageswill
formacrossconfiguration(Figure4(c)).

Allmacroimagescanfurthermorebedescribedashaving
eitherpositiveparity(meaningthattheimagehasthesame
orientationasthesource)ornegativeparity(theimageis
mirrorflippedinonedimensionrelativetothesource).
Whentakingtheimageparityintoaccountandassigning
negativemagnificationstonegativeparityimages,thesum
ofthemagnificationsofthecloseimagesshouldapproach
zero[65–67].Thefollowingrelationsshouldthenapplyfor
thefluxratioRofafoldconfiguration:

Rfold=
∣∣µA

∣∣−
∣∣µB

∣∣
∣∣µA

∣∣+
∣∣µB

∣∣−→0,(5)

whentheseparationbetweenthecloseimages(Aand
BinFigure4(a))isasymptoticallysmall[68].Here,µ
representsthemagnificationofaspecificimage.Forthecusp
configuration(Figure4(b)),thecorrespondingrelationis

Rcusp=
∣∣µA

∣∣−
∣∣µB

∣∣+
∣∣µC

∣∣
∣∣µA

∣∣+
∣∣µB

∣∣+
∣∣µC

∣∣−→0.(6)

However,mostobservedlensingsystemsviolatethese
relations.Thishasbeeninterpretedasevidenceofsmall-
scalestructureinthelensonapproximatelythescaleofthe
imageseparationsbetweenthecloseimages.Magnifications
ofindividualmacroimagesduetomillilensingbysubhalos
wouldindeedcausethevaluesforRfoldandRcusptodiffer
fromzerofairlyindependentlyoftheformoftherestofthe
lens[69–76].

Anotableproblemwiththispictureisthatbothsemi-
analyticalstructureformationmodelsandhigh-resolution
ΛCDMsimulationsseemtobeunabletoreproducethe
observedfluxratioanomalies,sincethesurfacemassdensity
insubstructureislowerthanthatrequired[45,77–80].

4.1.Complications:PropagationEffectsandMicrolensing.
Severalalternativereasonsfortheobservedfluxanomalies
havebeendiscussed,suchaspropagationeffectslikeabsorp-
tion,scattering,orscintillationintheinterstellarmedium
ofthelens[81]andmicrolensingbystarsinthelensing
galaxy[82].Sincesomesources,likequasars,canexhibit
intrinsicfluxvariationsondifferenttimescales,fluxratios
mayalsobedifficulttointerpretifthetimedelaybetween
themacroimages(seeSection7)isnotwellknown.

Therelevanceofpropagationeffectscanbetested
bysupplementaryobservationsoffluxratiosatdifferent
wavelengths,sincefluxlossesduetosuchmechanismsshould
varyasafunctionofwavelength.Microlensingbystarscan
becheckedforusinglong-termmonitoring,asthistype
oflensingistransientandexpectedtointroduceextrinsic
variabilityontheorderofmonths.Millilensingbyhalo
substructurecanontheotherhandbetreatedasstationary
[70].Extendedsources(e.g.,quasarsatmid-infraredand
radiowavelengths)shouldalsobefarlessaffectedby
microlensingthansmallpoint-likesources(quasarsinthe
opticalandatX-raywavelengths).Eventhoughitisoften
assumedthatradioobservationsofquasarsareessentially
microlensing-free,somecautionshouldbeapplied,since
substantialshort-termmicrolensingvariabilityispossiblein
thespecialcaseofarelativisticradiojetorientedclosetothe
lineofsight.Thisphenomenonhasbeendetectedinatleast
onemultiplyimagedsystem[83].

Mid-infraredimagingoflensesisattractivesincethe
fluxatsuchwavelengthsshouldbefreefromdifferencesin
extinctionamongthemacroimages,inadditiontobeingfree
frommicrolensingbystarsduetotheextendedsourcesize.
Suchobservationscanthereforebeusedtotestsomeofthe
alternativecausesforfluxratioanomalies.Recentstudies
haveusedthistechniquetoexamineseveralmacrolensed

Illustration: Zachrisson & Riehe 2009 
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(a)(b)

Figure5:Astrometricperturbations.(a)Oneofthemultiplesightlinestowardsadistantlightsourcepassesthroughadarksubhalo.(b)
Theimagesofthemacrolensedsourceareobservedatthepositionsofthegraysourcesymbols.Modellingofthelenssystemwithasmooth
lenspotentialpredictsthepositionoftheupperimageatthewhitesourcesymbol.Thesubhaloclosetothesightlineoftheimagecausesa
deflectionontheorderofafewtensofmilliarcseconds.

(a)(b)

Figure6:Aforegroundgalaxywithadarkmatterhaloproducesmultiplemacroimagesofabackgroundlightsource.Asubhalolocatedinthe
darkhalointerceptsoneofthesemacroimages,whichmaygiveriseto(a)additionalimagesmall-scalesplittingoftheaffectedmacroimage
ifthesourceissufficientlysmall,or(b)amilddistortionintheaffectedmacroimage,ifthesourceislarge.

currentlyonlybeprobedonsuchsmallscalesusingVLBI
techniquesatradiowavelengths,butfuturetelescopesand
instrumentsmayallowsimilarangularresolutionatboth
opticalandX-raywavelengths[41].

UsingVLBI,Wilkinsonetal.[107]reportednodetec-
tionsofmillilensingamong300compact-radiosources
andwasabletoimposeanupperlimitofΩ<0.01on
thecosmologicaldensityofpoint-massobjects(i.e.,very
compactobjects,likeblackholes)inthe106−108M⊙
range.However,thisdoesnotconvertintoanystronglimits
onthesubhalopopulation,sinceCDMhalosandsubhalos
arenotnearlyasdenseasblackholes.Correctingforthis
woulddecreasetheexpectedimageseparationsforamillilens
ofagivenmassandyieldaprobabilityforlensingthatis
muchlowerthanassumedintheiranalysis.Thesourcesused
weremoreovernotmacrolensed—thiswouldhavemadeit
difficulttomakethedistinctionbetweensubhalosandlow-
massfieldhalosasthemainculpritsevenifanysignsof
millilensinghadbeendetected(seeFigure2(a)).

Theeffectsthatasubhalocanhaveontheinternal
structureofoneofthemacroimagesinamultiply-imaged

quasar(Figure2(b))areschematicallyillustratedinFigure6.
Forasmallpoint-likesource(e.g.,aquasarobservedat
opticalwavelengths),themacroimagemaysplitintoseveral
distinctimageswithsmallangularseparations(Figure6(a)).
Alargersource(e.g.,aquasaratradiowavelengths)may
insteadexhibitsmall-scaleimagedistortions(Figure6(b)).
Eventhoughquasarsmaydisplaycomplicatedintrinsic
structurewhenimagedwithhighspatialresolution,such
effectscanatleastinprinciplebeseparatedfromthe
featuresimprintedbymillilensing,sinceintrinsicstructure
willbereproducedinallmacroimages,whereasmillilensing
effectsareuniquetoeachmacroimage.Thedistinction
betweenthesesmall-scalechangesinthemorphologies
ofmacroimages,andtheastrometriceffectsdiscussedin
Section5,becomessomewhatarbitraryinsomecasessince
imagedistortionmaybothshiftthecentroidofanimageand
alteritsoverallappearance(e.g.throughtheintroductionof
newsmall-scaleimages).Thedistortionofmacrolensedjets
isforinstanceusuallyreferredtoasanastrometriceffect.

Yoneharaetal.[108]havearguedthatasignificant
fractionofallmacrolensedopticalquasarsmayexhibit
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Method 1: Quasar flux ratio anomalies

Narrow-line flux ratios in HE0435 5
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Figure 1. Demonstration of the forward modelling method used to infer spectral parameters. Note that the image contrasts have been
altered between images to highlight different features. Panel i) Drizzled F140W image, arrow indicates North. Panel ii) Interlaced
G141W grism image, with light dispersed along the x-axis of the F140W image. QSO spectra (A-D) are labeled. They overlap with
spectra from the ring, the main deflector (G) and the spiral galaxy (G1). Blue arrows indicate the location of narrow [OIII] 4959 and
5007 Å emission which are partially blended at this resolution. Column iii) MCMC proposed 1D spectra for four of the seven components
labelled in panel i. Each of the QSO images A-D has a separate model spectrum (shown in Figure 3), only spectrum A is shown here.
Column iv) Model direct images for each separate spectral component, described in Section 3.1. The central QSO pixels are masked
in the ring model to account for noisy PSF subtraction in this region. Column v) Model 2D grism images for each spectral component
generated from convolving the model spectra in column iii with the model direct image in column iv. Panels vi, vii) Final, combined
model direct image and model grism image, generated from the sum of columns iv and v respectively (and the other three QSO images
not shown). Colours are the same as in columns iii, iv and v. The goodness of fit is calculated by the �2 difference between true and
model 2D G141 images.

dence for variations in the broad Fe velocities between im-
ages, and so kept them fixed for our final analysis, however
we allowed the Fe amplitudes to vary independently from
the H� amplitudes.

Unlike the broad and continuum emission, narrow [OIII]
and H� emission come from a sufficiently extended source
(greater than tens of parsecs) to not be affected by either
stellar microlensing or intrinsic variability (Moustakas &
Metcalf 2003; Müller-Sánchez et al. 2011; Bennert et al.
2006b,a). Owing to this, we assume that both the line widths
and the relative amplitudes of [OIII] and narrow H� should
be constant between the lensed images. We model the [OIII]
doublet and H� narrow-lines as Gaussians, and assume that
they have the same redshift, which is valid given the spectral
resolution of the grism. The ratio of the [OIII] doublet 4959
and 5007 amplitudes is fixed to the quantum-mechanically
predicted value of 1/3.

The 1D models for the deflector, ring and G1 spectra are
modelled as straight lines over the short wavelength region
of interest, with amplitudes and slopes as free parameters.
We do not find evidence requiring the inclusion of emission
or absorption features in any of these spectra relative to the
measurement uncertainties and given the brightness of the
QSO spectra (see e.g. Figure 2).

We assume that the image fluxes are not affected by
differential dust extinction. In the rest frame of the lens,
the [OIII] emission lines lie at roughly ⇠ 9300 Å. At this
wavelength, total dust extinction in lens galaxies, and early-
type galaxies in general, is typically of order only a few hu-

dredths of a magnitude (e.g Falco et al. 1999; Ferrari et al.
1999), which is well within our overall flux measurement
uncertainty. This assumption is further supported by the
similarity of the broad-band optical colours of the images
(Wisotzki et al. 2003). The images also have mutually con-
sistent CIV (lens rest frame ⇠ 2790 Å) and H� (lens rest
frame ⇠ 9300 Å) broad-line flux ratios.

3.3 Inference of QSO spectral parameters

We infer the probability distribution of the parameters of the
1D spectral models using a Bayesian forward modelling ap-
proach with the emcee Markov Chain Monte Carlo software
package (Foreman-Mackey et al. 2013). For each step, the
MCMC algorithm proposes parameters for the 1D spectra
of all seven distinct spectral components (four QSO images,
the main galaxy, the lens ring and G1). We then simulate
dispersed images of each separate component and add them
to generate a full model 2D grism image. Finally, the �2

of the fit is computed relative to the original 2D interlaced
image. Figure 1 illustrates how the model 2D direct image
components are dispersed into the model 2D grism image
for each MCMC step.

4 SPECTRAL FORWARD MODELLING
RESULTS

Figure 2 shows the 1D model, data and residual ‘traces’ for
the four lensed QSO images. These traces are obtained by in-

c� 2016 RAS, MNRAS 000, 1–15

10 Nierenberg et al.

Figure 6. Projected exclusion regions for a singular isothermal spheroid perturber with fixed mass. Light grey and dark grey positions
are ruled out with greater than 95% and 99.7% respectively, based on the �2 probability of the best fit gravitational lens model to the
image positions and [OIII] fluxes after adding a perturber with M600 = 108.2M� (left panel) and 107.2M� (right panel). The left panel
shows the entire lens system with the green square indicating the lens centroid, and the orange circles representing the quasar images.
The orange box in the left panel represents the size of the zoomed regions shown in the right panel. The average projected radial limits
are ⇠0.004 (0.001), 0.003 (0.0008), 0.004 (0.0009) and 0.003 (0.0006) for images A, B, C and D, respectively, for the 108.2 (107.2)M� perturber. These
exclusion regions correspond to cylinders with radii of ⇠ 2(0.5) kpc around each lensed image, projected along the entire host halo.

Figure 7. Exclusion regions for an NFW perturbing subhalo with M600 = 108M� and 107.2M�, corresponding to NFW scale radii
of 1.000 and 0.001 respectively, determined the same way as in Figure 6. The average radial limits are 1.002 (0.001), 0.003 (0.0008), 1.001 (0.0009),
and 0.008 (0.0006) for images A, B, C and D, respectively, for a 108 (107.2)M� perturber. These angular scales correspond to an average
projected exclusion region of ⇠ 6 (0.6) kpc at the redshift of the lens.

c� 2016 RAS, MNRAS 000, 1–15

Moustakas & Metcalf (2003) 
Nierenberg+2014, 2017
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Method 2: gravitational imaging

Figure 1: The detection of a dark-matter dominated satellite in the gravitational lens system
B1938+666 at redshift 0.881. The data shown here are at 2.2 micron and were taken with the
W. M. Keck telescope in June 2010. Additional data sets at 1.6 micron, from the Keck tele-
scope and the Hubble Space Telescope, are presented in the Supplementary Information. Top-left
panel: the original data set with the lensing galaxy subtracted. Top-middle panel: the final re-
construction. Top-right panel: the image residuals. Bottom-left panel: the source reconstruction.
Bottom-middle panel: the potential correction from a smooth potential required by the model to
fit the data. Bottom-right panel: the resulting dimensionless projected density corrections. The
total lensing potential is defined as the sum of an analytic potential for the host galaxy plus the
local pixelized potential corrections defined on a Cartesian grid. The potential corrections are a
general correction to the analytical smooth potential and correct for the presence of substructure,
for large-scale moments in the density profile of the galaxy and shear. When the Laplace opera-
tor is applied to the potential corrections and translated into surface density corrections, the terms
related to the shear and mass sheets become zero and a constant, respectively. A strong positive
density correction is found on the top part of the lensed arc. Note that these images are set on
a arbitrary regular grid that has the origin shifted relative to the centre of the smooth lens model
by ∆x = 0.024 arcsec and ∆y = 0.089 arcsec. When this shift is taken into account the position
of the density correction is consistent with the position of the substructure found in the analytic
re-construction (see Supplementary Information).
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Method 2+: statistical analysis of 
gravitational imaging

Can probe substructure at 
the sensitivity limit

Figure 3. The scanning results for �R
i

of the HST data (left column) and two selected CDM
semi-analytic realizations with halo masses 1013.5M� and 1013M� (middle two columns) and the
sensitivity map (right column). The di↵erent rows indicate the analysis of filter F814W (top), F555W
(middle) and combined F814W+F555W (bottom). Each pixel in the plot reflects �D

i

when placing
the perturber at the position of the pixel.
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are the quadratic distances between the two distributions in respect of P (x) and C(dr).
The sum in D

N

is uniform spaced in the range �R
i

in [10, 300] in incremental increases of
�R

i

= 10. The sum in D
C

is uniformly spaced in the range 0”�2.5” in incremental increases
of �r = 0.05”.

The expression 4.8 provides, without normalization, an equal weight on both diagnostics.
We emphasis that the expression in equation 4.8 is in no means a likelihood.

The cumulative distribution is an indicator that quantifies the strength of the substruc-
ture signal and the correlation function to quantify the spatial signature. Figure 4 shows
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Dark Matter thermal relic mass constraints
from lensing substructure

DaMaSC IV,  Caltech 8.30.17Simon Birrer

Figure 1. The projected mass of a set of di↵erent stochastic semi-analytic substructure realizations.
From left to right: Increasing dark matter thermal relic mass from 1 keV to 10 keV. From top to
bottom: Increasing parent halo mass from 1012M�-1013.5M�. The size of the region is identical to
the HST image being modeled, i.e. 4” by 4”. The color scale is fixed for di↵erent dark matter models
but change with halo mass.

are conservative with respect to the subhalo disruption e↵ect. In appendix B, we show the
subhalo mass function and maximum circular velocity function for di↵erent WDM models
predicted with the stated descriptions.

The spacial position of the subhalos is computed based on the orbit at infall. The orbit
is computed based on the orbital circularity distribution (see equation 3.10) and provides
a radial distribution function from which we draw from. Our tests show that the radial
distribution of substructure mass follows the NFW profile of the parent halo.

The prescriptions and assumptions stated here allow us to generate mock halos of di↵er-
ent masses with substructure based on di↵erent WDM thermal relic masses. Figure 1 shows
a set of realizations of halos in the range 12.0-13.5 log(M/M�) and thermal relic masses
1.0-10.0 keV. The enhanced amount of substructure of higher WDM mass is visible on the
figure.

3.2 Mock image generation

In our approach, we aim to separate the e↵ects of global features from those coming from
substructure. In generating mock images, we have therefore decided to use a hybrid approach.
For the global features, we use the deflection angles calculated by fitting the smooth lens to
the data, ~↵smooth. This allows us to generate mock strong lens systems that are in the same
regime as that of the data. The small scale features, which is where dark matter properties
have the most significant impact, are modeled using the halos generated by the merger tree

– 7 –
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Figure 6. 1 � � (dark region) and 2 � � (light region) posterior distribution estimated by ABC
method on the thermal relict mass vs halo mass plane from the lens RXJ1131-1231 . The sample
number is limited and the details in the posterior distribution is not fully converged.

6 Discussion

We have performed a statistical analysis of the substructure content in the strong lens
RXJ1131-1231 and report a lower limit for the mass of thermal relic dark matter of mTH =
2keV at 2� confidence level. This is comparable to earlier limits derived from Lyman-↵
clustering and MW dwarf counts. Our statistical method significantly improves upon clump-
by-clump strong lensing analyses and can easily be extended to multiple lens systems. Our
forward modelling analysis of RXJ1131-1231 uses an ABC method and targets statistics that
are sensitive measures of dark matter properties.

The model shows that multiple substructures within the same mass range have a signif-
icant impact on the lensing statistics. This means that probing substructure on a one-by-one
basis at this mass limit may not be feasible. However, when pushing the limits to lower
substructure masses, a statistical approach like ours is able to account for the e↵ects of hun-
dreds of subclumps simultaneously. For instance, this can be important for ALMA. ALMA
can provide higher resolution data than HST images, which leads to greater potential for
measuring smaller lens perturbations [see e.g. 29, 79, 80] if the information from these higher
resolution data can be properly tapped.

Our current constraints are mainly limited by the statistics of the single lens and the
moderate sample size of our simulations. The simulations and there analysis requires large
computational resources. A larger sample of simulations would allow us to apply stricter cuts
in the ABC framework which may lead to tighter constraints. The results we get are therefore
conservative estimates of the likelihood. Better data (more lenses, better quality data) can
discriminate models with higher significance. Tackling the partial degeneracy between parent
halo mass and dark matter thermal relict mass can also be done by incorporating additional,
independent, priors on the halo mass. For instance coming from abundance matching or
galaxy-galaxy lensing. What we do have from the strong lensing measures is an accurate
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substructure masses, a statistical approach like ours is able to account for the e↵ects of hun-
dreds of subclumps simultaneously. For instance, this can be important for ALMA. ALMA
can provide higher resolution data than HST images, which leads to greater potential for
measuring smaller lens perturbations [see e.g. 29, 79, 80] if the information from these higher
resolution data can be properly tapped.

Our current constraints are mainly limited by the statistics of the single lens and the
moderate sample size of our simulations. The simulations and there analysis requires large
computational resources. A larger sample of simulations would allow us to apply stricter cuts
in the ABC framework which may lead to tighter constraints. The results we get are therefore
conservative estimates of the likelihood. Better data (more lenses, better quality data) can
discriminate models with higher significance. Tackling the partial degeneracy between parent
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Summary
• Strong lensing is an unique probe to test different dark matter 

scenarios in the cosmological context

• Dark substructure has been directly detected down to 10^8-9 
M_sol, statistical signal goes down to 10^6-7 M_sol (mass 
definition dependent)

• Statistical constraints based on one single lens  excludes a 
thermal relic mass < 2 keV to 2 sigma confidence level

• Modelling and inference methods are in place. Extensions to 
other dark matter models in progress. Combined method 1+2 in 
progress.

• Sample of high quality HST data is vastly increasing, right now!
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Thank you!
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